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1. Algebraic Fractions(Introduction)

Algebraic fractions have properties which are the same as those for
numerical fractions, the only difference being that the the numerator
(top) and denominator (bottom) are both algebraic expressions.
Example 1 Simplify each of the following fractions.

2b 3z + 2
. (a) 2 (b) 622
Solution
(a) 2 _ _2xy _ 2
T2 Txbxl T
(b) 3z +a2>  xx(3+x)
622 - x X 67
¥ x(B+z) 3+
¥x6xr 6z

N.B. The cancellation in (b) is allowed since x is a common factor
of the numerator and the denominator.
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Sometimes a little more work is necessary before an algebraic fraction
can be reduced to a simpler form.

Example 2 Simplify the algebraic fraction
2 — 22 +1

22+ 22 —3
Solution

In this case the numerator and denominator can be factored into two
terms, thus

22 =22 4+1=(x—1)%, and 2°4+2r—-3=(z—1)(z+3).

( See the package on factorising expressions). With this established
the simplification proceeds as follows:

2 —2r+1
22 +2x—3

-~ x(@@-1)
+3)x(z—-1)
r—1

= 213 (cancelling (z — 1))

(= x (x
(z x (x
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EXERCISE 1. Simplify each of the following algebraic fractions. (Click
on the green letters for solution.)

3y 2y 7abb3
29 I 2J
(@) 53 ) () g
(22)? 5y + 2y> Sax
1 ) YTV [ 2
@ = (e) Ty ® et 10a
222 — 4z y? + Ty + 10 w? — 5w — 14
. - h g = J @ - M -
(&) 2770, () ¥ — 25 e B P

Now try this short quiz.

Quiz Which of the following is a simplified version of

t2+3t74?

2_3t+2"
t—4 t—4 t44 t44
: I ) 2 q) L2
(@) 75 (b33 (©) 73 )3
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So far, simplification has been achieved by cancelling common fac-
tors from the numerator and denominator. There are fractions which
can be simplified by multiplying the numerator and denominator by
an appropriate common factor, thus obtaining an equivalent, simpler
expression.

Example 3 Simplify the following fractions.
1ty v+ 1

(@) (b)

2

Solution
(a) In this case, multiplying both the numerator and the denominator

4 gives:
by 4 gives %+y:4(%+y):1+4y

2 4(3) 2

(b) To simplify this expression, multiply the numerator and denomi-
nator by x. Thus 3$+% - x(3x+%) - 302 11
2 2 2
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Now try this exercise on similar examples.

EXERCISE 2. Simplify each of the following algebraic fractions. (Click
on the green letters for solution.)

4y —3 27 + % z— %
8 _ b 2 : 3
@ o) © =
2-1 3t—2 . Z— =
@ 52 © = 0 =
z

For the last part of this section, try the following short quiz.

Quiz Which of the following is a simplified version of
1

€z .r+17
r—1
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2. Addition of Algebraic Fractions

Addition (and subtraction) of algebraic fractions proceeds in exactly
the same manner as for numerical fractions.

Example 4 Write the following sum as a single fraction in its simplest

form.
2 1

a:+1+a:+2

Solution The least common multiple of the denominators (see the
package on fractions) is (x + 1)(z + 2). Thus

2 N 1 B 2% (x+2) I1x(z+1)
r+1 z+2  (z+)x(z4+2)  (z+2)x(z+1)
2z 44 z+1

(z+1D)(xz+2) (z+1)(z+2)

2z +4)+(z+1) 3z +5

(x+1)(x+2)  (z+1)(z+2)




Section 2: Addition of Algebraic Fractions 9

EXERCISE 3. Evaluate each of the following fractions. (Click on the
green letters for solution.)

2 3 12
2.2 b) - _ £
@ 242 0 -2
3241 2241 341 1
(©) —S— - (d) —5—+3
c+1 1 _ 2 5
o o< 2
(e) 5 Ti_1 SO . B

Quiz Which of the following values of a is needed if
a 1 drys
204+1 24+2 (+1)(z+2)

(a) a=3 (b) a= -3 (c)a=2 (d)a=-2
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3. Simple Partial Fractions

The last quiz was an example of partial fractions, i.e. the technique
of decomposing a fraction as a sum of simpler fractions. This section
will consider the simpler forms of this technique.

Example 5 Find the partial fraction decomposition of 4/(x? — 4).

Solution The denominator factorises as 2% —4 = (z — 2)(z +2). (See
the package on quadratics.) The partial fractions will, therefore, be
of the form a/(x — 2) and b/(z + 2). Thus

a b B 4
T2 @2 | @-2@+r2
a(x +2) b(x —2) B 4
(x=2)(z+2) (z+2)(z—2) (x —2)(z+2)
(a+b)x+2(a—0b) 4

(x —2)(x +2) (
so that (a+b)z +2(a—b) = 4
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The last line is

(a+b)z+2a—-b)=4,
and this enables a and b to be found. For the equation to be true for
all values of x the coefficients must match, i.e.

a+b = 0 (coefficients of x)
2a—2b = 4 (constant terms)

where the first equation holds since there is no # term in 4/(x? — 4).
This set of simultaneous equations may be solved to give a = 1 and

b = —1. (See the package on simultaneous equations for a method
of finding these solutions.)
Thus

4 1 1

(z—2)(x+2) -2 (z+2)
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EXERCISE 4. For each of the following, find a and b. (Click on the
green letters for solution.)

(a) a n b 4x
a =
-2 x4+2 (z-2)(x+2)
a b z4+7
b -
(b) z—3+z+2 (z—=3)(z+2)
a b 3w — 2

()

w4 wil (w-_dwrl)

Now try this final, short quiz.

Quiz I a n b x4+ 7

uiz = ,
2c -3  3z+4 (20 -3)(3x+4)

is the solution to the equation?

(a)a=1,b
(c)a=1,b

which of the following

-1 b a=-1,b=1
1 —
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4. Quiz on Algebraic Fractions

Begin Quiz In each of the following, choose:

1. the simplified form of (2% + 4z — 5)/(2% — 42 + 3)
(a) (z45)/(z+3) (b) (z45)/(z = 3)
(c) (z=5)/(z+3) (d) (z=5)/(z=3)

2. the sum [1/(w — 2)] — [1/(w + 7)]

(a) 5/(w? + 5w — 14) (b) 5/(w? — bw + 14)

(c) 9/(w? — 5w + 14) (d) 9/(w? + 5w — 14)
3. a and b if

[a/(3x +2)] + [b/ (42 — 3)] = (x — 5)/[(3z + 2)(4x — 3)]

(a)a=1,0=1 (b)a=-1,b=1

(c)a=-1,b=-1 (d)a=1,b=-1

End Quiz
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Solutions to Exercises

Exercise 1(a)

8y 4 x 2y

2y3 y? x 2y
4xIxy

yExX <y
4

Y

Click on the green square to return

14
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Exercise 1(b)
2y 2xy
4z 2 X 2
2>y
2 x 2z

2x

Click on the green square to return
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Exercise 1(c) The fraction is This time, instead of expand-

7a

] o . 14abt”
ing the factors, it is easier to use the rule for powers
CLT =am ",
(See the package on powers.) Thus

7a8b3 T o a® » b3
14a5b* 14 = a® " bt
1

1 1 1 a
= —_ b e
5 X0 X %

Click on the green square to return (]
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Exercise 1(d)

(2z)? _ 2xXwxX2Xxw
4z 2X2xx
Ixyx2xuw
IxIxyg

= z.

Click on the green square to return
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Exercise 1(e)

Sy+2y° oy x(5+2y)
Ty N TXy
_ yYx(5+2y)
N Txy
5+
- ==

Click on the green square to return O
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Exercise 1(f)

dax _ dSXaXzT
15a +10a2 5 xax (3+ 2a)
B ¥xdxx
X% (34 2a)
_ X
342

Click on the green square to return

19
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Exercise 1(g)

222 -4z 2xzx(z—2)
22210z  2xzx(z—5)
_ Ix 7% (2—2)
2x #x (z—05)

_z=2

- z-5

Click on the green square to return

20
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Exercise 1(h) In this case, some initial factorisation is needed (see
the package on factorising expressions).

Y +T7y+10=(y+5)(y+2) and y*—25=(y+5)(y—5)
Thus

v+Ty+10  (y+5)(y+2)
y? —25 (y+5)(y—5)
. y+2
= s

where the factor (y + 5) has been cancelled.

Click on the green square to return (]
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Exercise 1(i) Again, in this case, some initial factorisation is needed
(see the package on factorising expressions).

w? —5w—14 = (w—7)(w+2) and w?—4w—21= (w—7)(w+3)
Thus

w? —5w—14  (w-T)(w+2)
w2 —4w—21  (w—"T)(w+3)
_ w+?2
T w43’

where the factor (w — 7) has been cancelled.

Click on the green square to return O
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23

Exercise 2(a) The fraction is simplified by multiplying both the

numerator and the denominator by 2.

4y—% 2(4y—%)78y—3

2 2x2 4
Click on the green square to return
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Exercise 2(b) This fraction is simplified by multiplying both the
numerator and the denominator by 4. Thus
2z + % 4(2x+%)78x+2

T+ 1 B 4(z+1) Az 41

Click on the green square to return
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Exercise 2(c) In this case, since the numerator contains the fraction
1/3 and the denominator contains the fraction 1/2, the common factor
needed is 2 x 3 = 6. Thus

z—1 6(z—%)_62—2

-5 6(z—1%) 62-3

Click on the green square to return (|
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Exercise 2(d) For this fraction the required multiplier is z.

2—2 x(2-1) 22-1

2 2x 2x

Click on the green square to return O
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Exercise 2(e) Here the numerator includes the fraction 2/t and the
denominator is the fraction 1/2, so the required multiplier is 2¢.

3t-2 _2(3t-%) 62 —4
2 2t (3) t

Click on the green square to return O
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Exercise 2(f) For the last part of this exercise, since the numerator
includes the fraction 1/2z and the denominator includes the fraction
1/3z, the common multiplier is 6z.

S T
T 6222

Z— 5= 62(2—7

Pl
SN—

Click on the green square to return O
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Exercise 3(a) The least common multiple of the denominators is yz.
Thus

2xz 3xy
y oz Y Xz + Z Xy
2%, 3y
yz Yz
3y + 2z
Yz
Click on the green square to return (|
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Exercise 3(b) Here the least common multiple of the denominators
is 15y, so

1 2 5x1 3x2
3y By  5x3y 3xby
5 6

© 15y 15y
_ 5-6 1
C 15y 15y

Click on the green square to return O
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Exercise 3(c) The least common multiple of the denominators of the
two fractions in this case is 6. Thus

3241 2241 2x (3z+1) 3x(2z+1)

3 2 2x3 3x2
6242 6z2+3
-6 6
_ (6z2+2)—(62+3) 1
B 6 T 6

Simplification in this case has shown that the difference of these two
fractions is independent of z.
Click on the green square to return O
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Exercise 3(d) The least common multiple of the denominators of the
two fractions in this case is 2¢. The sum simplifies as follows.

gt+1 1 tx@Bt+1) 2x1
T3 i T Tix2 axd
B2+t 2 3P +t42
ST 2t

Click on the green square to return



Solutions to Exercises 33

Exercise 3(e)
Here the required least common multiple of the denominators is the
factor 2(x — 1). Proceeding as before:

r+1 1 (z—1)x (xz+1) 2x1
R U P 2x (z—1)
(22 —1) 2
T 2D 2@-1)
o @-n+2 2?41
o 2x—1) 22 -1)

Click on the green square to return O
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Exercise 3(f)
Here the required least common multiple of the denominators is
(w+3)(w—1) = w® + 2w — 3.
With this in mind,
2 - 5 (w—1) x2 B (w+3) x5
w+3 w-—1 (w—1)x (w+3) (w+3)x(w-—1)
2w — 2 B 5w + 15
(w+3)(w—-1) (w+3)(w—1)
(2w — 2) — (bw + 15)
(w+3)(w—1)
—3w — 17 o 3w+ 17 )
(w+3)(w—1) (w+3)(w—1)

Click on the green square to return (]
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Exercise 4(a) Taking common denominators:

a b _ 4z
=2 212 T @-2@+2)
a(r +2) b(x —2) B 4x
(z-2)(z+2) (z-2)(xz+2)  (z—-2)(z+2)
(@+0b)x+ (20 —2b) 4z
(z —2)(z +2) (x —2)(z+2)

so that (a + b)x + (2a — 2b) = 4z. Equating coefficients in this case

BIVes a+b = 4 (coeflicients of x)

2a—2b = 0 (constant terms)

Solving this set of equations gives a = 2, b = 2. Hence
2 n 2 4x
r—2 z+2 (r—2)(z+2)

Click on the green square to return ]
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Exercise 4(b) Taking common denominators:

a n b _ 247
z2—3 z+2 (z=3)(z+2)
a(z +2) b(z — 3) B 247
(z=3)(2+2)  (z=3)(2+2)  (2-3)(z+2)
(@+0b)z+(2a—3b) 247
(z—3)(z+2)  (2-3)(2+2)
so that (a+b)z + (2a — 3b) = z + 7. Equating coefficients in this case
Bives a+b = 1 (coefficients of z)
20—3b = 7 (constant terms)
Solving this set of equations gives a = 2, b = —1. Hence
2 1 z2+7

2—3 z+2 (z=3)(z+2)

Click on the green square to return O
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Exercise 4(c) Taking common denominators:

a b _ 3w —2
w—4+w7—|—1  (w—4)(w+1)

alw+1) b(w —4) B 3w — 2
(w—w+1)  (w—Hw+1)  (w—4)(w+1)

(a+b)w+(a—4b) 3w —2
(z=3)(z+2)  (w—4)(w+1)

so that (a+b)w+ (a —4b) = 3w — 2. Equating coefficients in this case

BIVes a+b = 3 (coefficients of w)

a—4b = =2 (constant terms)

Solving this set of equations gives a = 2, b = 1. Hence
2 n - 3w — 2
w—4 w+1 (w—4)(w+1)

Click on the green square to return ]
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Solutions to Quizzes

Solution to Quiz: The numerator and denominator respectively
factorise as

243t —4=(t—-1)(t+4) and t*—3t+2=(t—1)(t—2)
so that

P +3t—4 (t—1)(t+4)

2-3t+2  (t—1)(t—2)
_t+4
Tot-2

where the factor (¢ — 1) has been cancelled from the first equation.
End Quiz
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Solution to Quiz:

T — L
For 7‘%’?, the common multiplier is (z 4+ 1). Multiplying the
T —
numerator and the denominator by this gives:
gy _ D)
r—1 (z+1)(z—-1)

ICERCENCERY (ﬁ)

- (z2 = 1)

_ N |

B 2 —1

End Quiz
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Solution to Quiz: Writing all the fractions with a common denom-
inator

4x +5 a 1
= +
2z +1)(z+2) 2e+1 x+2
a(z+2) 2z +1)

Cr+1D(z+2) Qz+1)(z+2)
ar+2a+2x+1
2z +1)(z+2)
(a+2)z+ (2a+1)
2z 4+ 1)(x+2)
so that (a+ 2)xz + (2a+ 1) = 4z + 5. This gives two equations

at+2 = 4 coefficients of x

2a+1 = 5 constant coefficients

The solution is a = 2. End Quiz
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Solution to Quiz: Writing all the fractions with a common denom-
inator

a b _ z+7
2% -3 344 (22 — 3)(3z + 4)
a(3z +4) b(2x — 3) B x4+ 7
(22 —3)Bz+4) (22 -3)Bz+4) (22 —-3)(3z+4)
(3a +2b)x + (4a — 3b) x+7
(22 — 3)(3z +4) (22 -3)(3z +4)

so that (3a + 2b)x + (4a — 3b) = x + 7. This gives two equations
3a+2b = 1 (coefficients of z)
4a—-3b = T (constant terms)

Solving these gives a =1, b = —1. End Quiz
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